Digital Filter Design Basics

Suppose we have a digital filter with k coefficients, whose output at time step n depends upon the
input at time steps (n-k) thru n.

k
yn = aOXn + a1Xn—l + a'ZXn—Z oot ak Xn—k = Z a‘i Xn—i (11)
i=0
Assume an input of the form:
x(t)=e!* = x, =el™
where Ts is the sample period. Plugging into (1.1), we get,

yn — aoeja)Tsn +a1eijS(n—l) + azeja)Ts(n—Z) bt akeijS(n—k)

— eijsn (ao + ale—j(uTS + aze—jZ(uTS Feeet ake—jkwTS )

Xy

Solving for the ratio output to input:
Yo

=a,+3,[ cos(aT,)— jcos(aT,)]+a,[ cos(2aT, ) - jcos(2aT,) | +---+a,[ cos(kaT, ) - jcos(kaT, ) |

JoT j2aT,

s _i_‘“_*_ake—jk(uTs

=a,+ae " +ae

=[ 8, +a,cos(aT, ) +a,cos( 2T, ) +---a, cos(kaT, ) |- j[ & sin(aT,)+a,sin (20T, ) +---a,sin(kaT, ) |
The magnitude of this ratio is:
y t{[a0+a1cos(a)Ts)+a2 cos(2aT, )+, cos(ka)Ts)]2+
=L =sqr
X

n

[a,sin(aT,)+a,sin (20T, )+--a, sin(kaT, )T

"a? +a? cos? (aT, )+ a2 cos? (2aT, ) + -+ aZ cos? (kaT, ) +

23,8, cos (T, )+ 2a,a, Cos(2aT, ) +---+ 28,3, cos(kaT, )+

2a,a, cos( T, )cos(2aT, ) +---+ 2a,a, cos(awT; )cos(kaT, ) +---

= sqrt4 | 28,8, c0s (2T, ) cos (3T, ) +--- + 28,8, cos (2T, )cos(KeT, ) +--
[aZsin? (T, )+aZsin? (20T, )+ +aZ sin? (kaT, ) +

2a,a, sin(wT,)sin (2aT, ) +---+ 28,3, sin (T, )sin (kaT, ) +---

| 28,8, 5in (24T, )sin (3T ) +--- + 28,3, sin (24T, )sin (kaT, ) +---
Using the trig identities:

cos(a—b)=cos(a)cos(b)+sin(a)sin(b)

cos? (x)+sin®(x)=1
this simplifies to,



a+al+al+oral+

a,[ a, cos(aT,)+a, cos(2aT, ) +---+a, cos(kaT, ) ]+

S

)
=sqrt< 2a, [az cos(aT,)
2a, [a3 cos(aT,)
(@,

+2a, ,[ a,, cos(aT,)+a, cos(2aT,)|+2a,_,3, cos(aT,)

a+al+al vl +

(a,a, +a,a, +a,a, +---+a,,a,)cos(aT, )+

=sqrt42(

2(
(

2(3y3y_, +2,3, )cos((k—1) T, ) +2a,a, cos((k -1)aT,)

a,a, +8,a, + 8,8, +---+a,_,8, ) Cos (20T, )+

a,a, + 8,8, + 8,8 + - +a,_4a, )c0s (3w T, )+

k k-2
D a?+2cos(aT,) Za,a,+1+2cos (20T,)> aa,, +
i= |:0
k 3
=sqrt< 2cos(3 a,a,,;+-+2cos((k-1)@T, )Za,aI+k L+

|:0

2cos(kaT, ) a,a,

Finally, this can be written as a double summation:

k—

\/Za + Zk: 2a.a;, ; cos( joT,)

i=0 j=1i

[

G (@) =[5

N
o

This can be implemented in MATLAB with the following script:

+,C08(2aT, ) +++-+8, cos((k—l)a)Ts)]Jr
+a,0s(2wT, )+ +2a, cos((k—z)wTs)]+...

(1.2)
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1 % This plots the Magnitude of the the IF for & -
2 % digital filter of the form:
3 % v[n]=a0*x[n]+al*x[n-1]+a2*x[n-2]+...+a_k*x[n-k]
4
Bli= e=[1111]: % filter coefficients
]
Til= Ta=1; % sample period
3 - w_g=2*pi/Is; % sanple freg {rads.fsecﬂ
9 - W_ny=w _3/2; % Nyquist freq (rads/sec)
10
11| - k=length(a)-1;
12
13|-| w=linspace({0,w_s,200); % make frequency array
14
15| - summer=0;
16| - for §=1:1:k
17| - for i=0:1:k-3
18| - summer=summer+2*a (i+1) *a (1+1+]) *cos (j*Ts*w) ;
19| - end
20(- end
21
22— summerl=0;
23(- for i=0:1:k
24| - summerl=summerl+ (a{i+l)~2);
25(- end
26
27|-| Mag=3grt(summerl+summer);
28
289/-| plot(w,Mag):
1] G
Ready
Example
Consider the simple derivative filter given by:
y = Xn — X
n
Ts
for which,
a, = 1
Ts
and
1
T

Plugging into (1.2):



‘G(a’)‘:\/iaf+2 .2awlial+J cos( o)
\/[.Z:‘ i Z 2a,a,,, c0s (T, )}

2 2

S

1
=—,/2—2cos(wT,
Ts \/ ( 5)
which is the correct result. The plot of the TF is shown below:
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